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Abstract 
This paper presents the free vibration behavior of functionally graded (FG) plate with von Karman nonlinearity. Hamilton 
principle is employed to establish the governing equation of motion of FG plate using higher order shear deformation theory 
(HSDT). The established governing equation also satisfied the traction free boundary conditions on the top and bottom faces of 
the plate. The gradation of material properties in the thickness direction of functionally graded plate is assumed according to a 
power law distribution. Results are obtained by employing an efficient C0 finite element with seven degrees of freedom (DOFs) 
per node. Convergence and comparison studies with analytical and numerical techniques reported in literature are carried out to 
establish the high accuracy and reliability of the solutions. The effect of nonlinear kinematics, thickness ratio, amplitude ratio and 
the volume fraction ratio on the vibration characteristics of FGM plate is investigated. It is noticed that the nonlinear frequency 
ratio is greatly influenced by geometric configuration and nonlinearity exist in stress-strain relationship. 
© 2016 The Authors. Published by Elsevier Ltd. 
Selection and/or peer-review under the responsibility of the Organizing Committee of ICIAME 2016. 
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1. Introduction 
Functionally graded materials (FGMs) are composite materials formed of two or more constituent phases with a 
continuously variable composition. Functionally graded are those in which the volume fractions of two or more 
materials are varied continuously as a function of position along certain dimension(s) of the structure to achieve a 
required function. For example, thermal barrier plate structures for high-temperature applications may form from a 
mixture of ceramic and a metal. The composition varies from a ceramic-rich surface of a metal-rich surface, with a 
desired variation of the volume fractions of the two materials in between the two surfaces. The ceramic constituent 
of the material provides the high temperature resistance due to its low thermal conductivity. 
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       This new concept of engineering the material’s microstructure mark the beginning of a new revolution in 
both the materials science and mechanics of materials area since it allows, for the first time, to fully integrate both 
the material and structural considerations into the final design of structural components. The gradual change of 
material properties can be tailored to different applications and working environments. FGMs are ideal candidates 
for applications involving severe thermal gradients, ranging from thermal structures in advanced aircraft and 
aerospace engines to computer circuit boards. In such applications, a ceramic-rich region of functionally graded 
material is exposed to hot temperature while a metal-rich region is exposed to cold temperature, with a gradual micro 
structural transition in the direction of the temperature gradient. By adjusting the micro structural transition 
appropriately, optimum temperature, deformation and stress distributions can be realized. This makes functionally 
gradient materials preferable in many applications. 
In recent years, a considerable volume of work on the analysis of functionally graded plate subjected to 
vonkarman nonlinearity using various time integration scheme has been carried out by many researchers. The largest 
amount of literatures is available for deterministic analysis of functionally graded plate using various plate theories 
[1-4]. Woo and Meguid [5] studied the nonlinear behavior of thin functionally graded plates and shallow shells. 
Praveen and Reddy [6] investigated the response of functionally graded ceramic-metal plates using a plate finite 
element that accounts for transverse shear strains, rotary inertia and moderately large rotations in the von Karman 
sense. Talha and Singh [7] investigated the large amplitude free flexural vibration analysis of shear deformable 
functionally graded material (FGM) plates using higher order shear deformation theory. Nonlinear vibration and 
dynamic response of FGM plates in thermal environment studied by Huang and Shen [8]. The formulations are 
based on the HSDT kinematics and general von-Karman type equation, which includes thermal effects. Gupta and 
Talha [9] summarized the recent researches carried out in the field of static and dynamic characteristics of 
functionally graded material plate. Lal and Singh [10] investigated the linear and nonlinear free vibration response of 
laminated composite plates using HSDT based C0 linear and nonlinear FEM. 
The objective of this article is to investigate the vibration characteristics of FGM plate in vonkarman sense taking 
into account the transverse shear strain in the framework of HSDT. 
2. Theoretical formulation  
2.1.  Geometric configuration of functionally graded plate 
Consider a functionally graded plate of length a, width b and thickness h located in two dimensional plane with 











                                                                                  
Figure 1 Geometric configuration of FGM Plate 
 
2.2.  Material Properties of functionally graded plate 
The elastic material properties of FGMs plate vary through the plate thickness according to the volume fractions 
of the constituents through Power-law distribution and expressed as 
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Where P denotes the effective material property, Pm, Pc represents the properties of the metal and ceramic, and n 
is the volume fraction index respectively. 
2.3.  Displacement Field Model 
For an arbitrary functionally graded plate the component of displacement field model can be express as the 
modified displacement field component along the x, y, and z directions based on HSDT using C0 continuity is now 
written as 
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where u , v  and  w  denote the displacements of a point along the (X, Y, Z) coordinates axes: u, v, and w are 
corresponding displacements of a point on the mid plane, ,x xw I , ,y xw I and x\ , y\ are the rotations of normal 
to the mid plane about the y-axis and x-axis respectively. 
The function  1f z and  2f z  can be written as  
                                    31 1 2f z C z C z  ;   32 4f z C z   with 21 2 41, 4 3C C C h   .    
The displacement vector for the modified C0 continuous model is denoted as 
                                                      
^ ` Ty x y xu v wª º/  ¬ ¼I I \ \ , 
2.4.  Strain Displacement Relations 
    For the structures considered here, the relevant total strain vector consisting of strains in terms of mid-plane 
deformation, rotation of normal and higher order terms associated with the displacement for FGM the strain is 
expressed as  
                                                                   ^ ` ^ ` ^ `l nlH H H                                                                                    (3) 
where^ `lH  and ^ `nlH is the linear and nonlinear strain vectors, respectively. Using Eq. 3 the linear strain vector can 
be obtained using linear strain displacement relations.  
                                                                        [ ]{ }L B qH                                                                                    (4)     
  Where, [B] and { }q  are geometrical matrix and displacement field vector, respectively.  
 
Assuming that the strains are much smaller than the rotations (in the von-Karman sense), one can obtain nonlinear 
strain vector ^ `nlH of the Eq. 3 a as 
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where               
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2.5.  Stress- Strain Relations 
The constitutive law for the material under consideration relates the relationship between stresses and strains 
vectors in-plane stress state for FGM can be written as  
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where, ^ `ij kQ , ^ `kV and ^ `kH  are transformed stiffness matrix, stress and strain vectors of the isotropic lamina, 
respectively. For FGM the elastic constant are defined as  
           
11 22 21 11
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2.6.  Strain Energy of the Plate 
      The strain energy of a functionally graded plate undergoing large deformation is written as  
                                                     l nlU U U                                                                                              (9) 
The linear stain energy (UL) of the functionally graded plate is given by 
                                 ^ ` ^ ` > @T L L L LL
A A A
1 1 1U dA Q dA D dA
2 2 2
H V H H H H   ³ ³ ³                                  (10) 
where D is the elastic stiffness matrix. 
The nonlinear strain energy (UNL) can be rewritten as  
       
NLL NL NL L NL
NL 3 4 5A
A A
1 1 1U D dA D dA D dA
2 2 2
H H H H H H  ³ ³ ³                                 (11) 
where A , LH and
 
NLH denotes unreformed configuration of functionally graded plate, linear and nonlinear strain 
tensors, respectively. 
Using Eq.10 and Eq.11 can be expressed as 
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     Substituting Eq. 3-4, Eq. 9 can be written as 
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  where [D], [D3], [D4] and [D5] are the FGM  stiffness matrices due to  geometric nonlinearity. 
2.7.  Kinetic Energy of the Vibrating Plate 
    The kinetic energy of vibrating plate can be expressed as 
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     where U  and^ ` ^ `,, Twu u v are the density and velocity vector components of nonlinear plate, respectively. 
3.  Finite Element Model   
The formulation of isoparametric elements is based on non-dimensionalised local rectangular or tetrahedral 
coordinates so that numerical ingression can be easily performed. Because of accuracy and inefficiency in terms of 
number of integration points, Gaussian quadrature has found extensively applications for numerical integrations. In 
the present paper, nine nodded isoparametric elements have been employed for finite element modeling of the plate. 
However, the formulation is general in nature. 
3.1.  Strain Energy of the Plate Element 
In the present study, a C0 nine nodded Lagrangian isoparametric finite element with 63 degrees of freedom per 
element is employed. For this type of element, the displacement vector and the element geometry are expressed as 
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is the interpolation function for the ith node,
 




NN is the number
 
of nodes per element and xi and yi are Cartesian
 
coordinate of the ith node. 
The linear mid plane strain vector as given in Eq. 5 can be expressed in terms of mid plane displacement field 
and then the energy is computed for each element and then summed over all the elements to get the total strain 
energy . Following this, and using Eq. 15, Eq.13 can be written as 
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Where, NE is the number of elements and Π (e) is the elemental total potential energy. Using finite element model 
Eq. 16 can be further written as 
                                                            13 ^ ` ^ ` ^ `12
T
l nlq K K q q ª º¬ ¼                                                                    (17)    
^ ` ^ ` ^ `1 12
T
l nlq K K q qª º3  ª º¬ ¼¬ ¼  
with                                > @ > @ > @l b sK K K   and  1 2 31 12 2nl nl nl nlK K K K  ª º ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼  
Where, [Kb], [Ks], [Knl] and {q} are the global bending stiffness matrix, shear stiffness matrix, global nonlinear 
stiffness matrix and global displacement vector, respectively.  
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3.2.  Governing equation- 
The governing equation for the nonlinear static analysis can be derived using Lagrange equation for a 
conservative system and can be written as [7].  
                                                        
1 2 0
d T
dt q q q
§ · w3 w3w    ¨ ¸w w w© ¹                                                                               (18) 
   and simplification gives us 
                                      
                      0Mq Kq                                                                                                    (19) 
where [ ] {[ ] [ ]}l nlK K K    
The above Eq.19 is the nonlinear free vibration equation that can be solved literately as a linear eigenvalue 
problem assuming that the beam is vibrating in its principal mode in each iteration. For each iteration, Eq. 19 can be 
expressed as a generalized eigenvalue problem as [10]: 
                                                                 > @^ ` > @^ `K q M qO                                                                                          (20) 
The stiffness matrix [K] consists of linear and nonlinear stiffness matrix, mass matrix [M], and displacement vector 
{q}, being dependent on the system properties of the structure. 
4.  Results and discussion 
The nonlinear fundamental frequency of functionally graded square plate by varying volume fraction ratio, 
amplitude ratio and thickness ratio is investigated. C0 nonlinear finite element methods based on direct iterative 
procedure are used to evaluate the statistics of nonlinear fundamental frequency. In the present study, simply 
supported boundary constraints are used which can be expressed as follows: 
 0, 0, ; 0 0,y y x xv w at x a u w at y bT \ T \           
The ratio of nonlinear and linear frequency are defined as
 
ratio 
nl l/Z Z  Where, lY and nlY are dimensionless linear 
and nonlinear frequency of the FGM plate respectively.  
4.1. Convergence and validation study 
The accuracy of the present finite element formulation is validated by comparing the results with those available 
in the literature [8]. A convergence study is also presented. Table 1 shows the validation and convergence results of 
linear fundamental frequency with various mesh size for  26 4 /Ti Al V ZrO   square FGM plate having all edges 
simply supported, a/h= 10 and volume fraction ratio ‘n’ equals to 2. From the table it can be seen that the present 
results are in very good agreement with the analytical available results of different mesh size. 
 
Table 1-Comparison of linear frequency   2 21 /m ma EhY Z U X§ · ª º ¨ ¸¨ ¸ ¬ ¼© ¹  with volume fraction index n of 
 26 4 /Ti Al V ZrO    square plate for simply supported (SSSS) boundary condition, with different mesh size. 
Mesh size                             Volume fraction index (n) 
2ZrO  0.5 1 2 6 4Ti Al V   
Present (2x2) 9.0231 7.9417 7.5099 7.1551 6.8064 
Present (3x3) 9.1585 8.0487 7.6079 7.2504 6.9433 
Present (4x4) 7.8495 6.9089 6.5443 6.2565 5.8979 
Present ( 5x5) 7.8230 6.8846 6.5209 6.2334 5.8981 
Huang and Shen [8] 8.273 7.139 6.657 6.286 5.400 
Percentage difference 5.11 3.22 1.6 0.46 8.31 
 
207 Virendra kumar chaudhari et al. /  Procedia Technology  23 ( 2016 )  201 – 208 
Table 2 shows the comparison of nonlinear frequency ratio of  26 4 /Ti Al V ZrO   square FGM plate having 
all edges simply supported, a/h= 10 and n=2 with Huang and Shen [8]. This is based on the HSDT and general von-
Karman type of nonlinearity. It can be observed that the results are in good agreement. 
 
Table 2-Comparison of nonlinear-to linear frequency  2 21 /m ma EhY Z U X§ · ª º ¨ ¸¨ ¸ ¬ ¼© ¹  with volume fraction index n of 
 26 4 /Ti Al V ZrO    square plate for simply supported (SSSS) boundary condition, with different mesh size. 
 
Method 
Amplitude ratio Wmax/h 
0.2 0.4 0.6 0.8 1.0 
Present 1.0168 1.0600 1.1186 1.1857 1.2578 
Huang and Shen [8] 1.021 1.082 1.176 1.296 1.436 
Percentage difference 0.41 2.03 4.88 8.51 12.40 
 
4.2 Parametric study 
After ensuring the authenticity of present solution, parametric studies are carried out. The nonlinear frequency ratio 
 /nlZ Z of simply supported functionally graded plate with various amplitude ratio and volume fraction ratio is 
investigated in the subsequent section.   
   Table 3 presented the effect of volume fraction ratio ‘n’ and amplitude ratio on the nonlinear frequency ratio. 
Functionally graded material plate made of aluminium (Al) and Alumina (Ceramic) is taken in to consideration with 
thickness ratio (a/h) equals to 10. Mechanical properties for Aluminium (Al) is considered as, Young’s modulus 
(Em) =70GPa and density (ρm) = 2702 Kg/m3 whereas for Alumina, Young’s modulus (Ec) and density (ρc) are 380 
GPa and 3800 Kg/m3 respectively. The Poisson’s ratio of the plate is assumed to be constant through the thickness 
of the plate and is taken equal to 0.3.It is evident from the table that as the amplitude ratio increases from 0.1 to 3, 
the nonlinear frequency ratio increases. It is known that as the volume fraction ratio increases, fundamental 
frequency decreases. This is due to the fact that as the volume fraction ratio increases, the plate transforming from 
ceramic rich to metal rich which causes to the reduction in stiffness. Although the nonlinear frequency ratio shows 
the increasing trend dominantly but the result reveals that there is a mixed type of response in the frequency ratio 
due to the availability of nonlinearity in the kinematics.  
    Table 4 illustrates the nonlinear frequency response for Al/Al2O3 functionally graded material plate with a/h ratio 
equals to 20. Mechanical properties are taken as discussed in table 3. Frequency response is investigated for various 
amplitude ratio and volume fraction index. It is observed that nonlinear frequency ratio increase with increases in 
amplitude ratio. It is also observed that nonlinear frequency response shows the same trend for both type of plate i.e. 
moderately thick plate (a/h=10) and thin plate (a/h>10).  
 
Table 3-Effect of Volume fraction index ‘n’ and amplitude ratio (Wmax/h) on the nonlinear frequency ratio  /nlZ Z  
of simply supported Al2O3/Al FGM square plates (a/h=10). 
Volume fraction  
ratio ‘n’ 
Amplitude Ratio (Wmax/h) 
0.1 0.5 1 1.5 2 2.5 3 
        
0.1 1.0019 1.0455 1.1686 1.3407 1.5358 1.736 1.9304 
0.5 1.0019 1.0486 1.1802 1.3626 1.5676 1.7765 1.9781 
1.0 1.0019 1.0508 1.1883 1.3777 1.5893 1.8038 2.01 
1.5 1.0019 1.0512 1.1894 1.3785 1.5933 1.8086 2.0151 
2.0 1.0018 1.0505 1.1875 1.3763 1.4901 1.7495 2.0025 
5.0 1.0018 1.0439 1.1647 1.3336 1.5244 1.7192 1.7192 
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Table 4- Effect of Volume fraction index ‘n’ and amplitude ratio (Wmax/h) on the nonlinear frequency ratio  /nlZ Z  of simply supported Al2O3/Al  FGM square plates (a/h=20). 
Volume fraction 
ratio ‘n’ 
Amplitude Ratio (Wmax/h) 
0.1 0.5 1 1.5 2 2.5 3 
00 1.0020 1.0483 1.1788 1.3614 1.5696 1.7852 1.9976 
0.1 1.0020 1.0495 1.1834 1.3691 1.5807 1.7994 2.0142 
0.5 1.0022 1.0547 1.1953 1.3958 1.6190 1.8478 2.6161 
1.0 1.0023 1.0565 1.2071 1.4135 1.6442 1.8793 2.8074 
1.5 1.0023 1.0579 1.2229 1.5650 1.6796 1.8931 2.9209 
2.0 1.0023 1.0559 1.2187 1.4332 1.6379  1.8675 2.7929 
5.0 1.0019 1.0473 1.1756 1.3792 1.5916 1.8340 2.6806 
 
5.  Conclusions 
The present paper dealt with non-linear vibration analysis of functionally graded material square plates with various 
amplitude ratio and volume fraction ratio. The material properties are assumed to be varying in transverse directions 
according to a power-law distribution. Based on higher-order shear deformation theory with seven degrees of 
freedom in the displacement field and von Karman type of geometric non-linearity, the governing equation is 
developed using Hamilton principle. It is concluded that the nonlinear frequency ratio is greatly influenced by the 
amplitude ratio and geometric configuration. Presence of geometric nonlinearity leads the mixed nonlinear vibration 
behaviour of functionally graded plate.    
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